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Abstract
In this paper, we explicitly construct string theory backgrounds that realise the so-called N = 2 gauge 
theory. We prove the consistency of our models by calculating their partition function and obtaining the 
correct gauge theory spectrum. We further provide arguments in favour of the universality of our construc-
tion which covers a wide class of models all of which engineer the same gauge theory. We reproduce the 
corresponding Nekrasov partition function once the -deformation is included and the appropriate field 
theory limit taken. This is achieved by calculating the topological amplitudes Fg in the string models. In 
addition to heterotic and type II constructions, we also realise the mass deformation in type I theory, thus 
leading to a natural way of uplifting the result to the instanton sector.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction
During the last decades, the interplay between string theory and supersymmetric gauge the-
ories has been the driving force for many discoveries in both fields. One of the most striking 
examples is the connection between topological string theory [1] and the N = 2 gauge theory 
with the -deformation [2,3]. Indeed, it has been realised that the partition function of the topo-
logical string reduces, in the field theory limit, to the free energy of the -deformed N = 2 gauge 
theory, often referred to as the Nekrasov partition function. This correspondence is valid in the 
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while the other is identified with the topological string coupling gs. Therefore, what plays the 
role of a regularisation parameter in gauge theory acquires physical significance once uplifted 
to string theory. The extension of this connection to the general setup including two deforma-
tion parameters is a programme called refinement and has led to many fruitful discoveries [4–7]. 
In particular, a worldsheet realisation of the -background has been carried out in [8,9], even 
though the explicit definition of the twisted, topological theory is still lacking.
From the point of view of the physical string in this approach, the -deformation boils down 
to a background of anti-self-dual graviphotons [10,11] (see also [12]) and self-dual gauge field 
strengths [8,9]. The gauge theory partition function descends from a class of BPS amplitudes 
which has been studied both in the N = 2 [13–16] as well as in the N = 4 case [17,18]. Their 
BPS nature translates itself into the holomorphic moduli dependence of the corresponding cou-
pling in the string effective action. However, this property is broken at the string level due to 
boundary effects as expressed, for instance, by the holomorphic anomaly equation [10]. The 
generalisation of the latter to the refined case has been analysed in [19] (see also [20]) and more 
recently in [21] from the worldsheet perspective.
In the present work, we study a particular deformation of N = 4 Super Yang–Mills theory, 
commonly referred to as N = 2. It corresponds to a mass deformation of the former under 
which the N = 2 adjoint hypermultiplet acquires a mass. Hence, analyticity of the mass pa-
rameter renders this theory an interpolation between the pure N = 4 and N = 2 theories, the 
latter being recovered as particular limits of zero and infinite mass, respectively. In addition, 
the N = 2 theory is a flagship example in the context of the AGT conjecture [22] which 
relates it to the two-dimensional Liouville theory on a torus with one puncture playing the 
role of the massive hypermultiplet. In this correspondence, the Nekrasov partition function is 
mapped to the Liouville theory conformal block. More general connections can be established 
by obtaining four-dimensional gauge theories from the (2, 0) theory compactified on a genus g
Riemann surface with n punctures [23], and considering Liouville theory on the Riemann sur-
face. For instance, a torus with four punctures leads to the N = 2, SU(2) gauge theory with four 
flavours.
Since a worldsheet description of N = 2 in string theory is lacking, our goal is to fill this gap 
by studying string theory with spontaneous breaking of supersymmetry from N = 4 to N = 2, 
in such a way that the adjoint hypermultiplet acquires a moduli dependent mass. This is achieved 
by considering a freely-acting orbifold of the T 6 torus, implementing the uplift of the Scherk–
Schwarz mechanism to string theory [24–29]. In this construction, certain states acquire a mass 
that is inversely proportional to the volume of some cycle of the internal space and the unbro-
ken supersymmetric model is recovered in the limit of zero mass. We first present a heterotic 
asymmetric orbifold construction which turns out to be the most natural way of realising N = 2
in perturbative closed string theory. We show that it indeed provides mass to the adjoint hyper-
multiplet and correctly reproduces the N = 2 spectrum without modifying the gauge group. 
More generally, we present a correspondence between a wide class of freely-acting orbifolds 
of N = 4 compactifications and the N = 2 gauge theory. We elaborate on the universality of 
this construction and provide evidence supporting the correspondence. In particular, we compute 
topological amplitudes for these N = 2 theories, for symmetric and asymmetric freely acting 
orbifolds, and confirm that they correctly reduce, in the field theory limit, to the -deformed 
partition function [30–32] of the N = 2 gauge theory. This class of BPS amplitudes, which has 
proven useful in the study of string dualities, is also analysed in type I theory. The latter turns out 
to be a natural framework for incorporating gauge theory instanton corrections.
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sheet realisation of N = 2 as an asymmetric freely-acting orbifold in heterotic string theory, 
analyse its string partition function and show the accordance with the spectrum of the N = 2
gauge theory. We further confirm our result by calculating the topological couplings Fg at the 
one-loop level in string perturbation theory and show that they correctly reproduce the perturba-
tive part of the mass-deformed Nekrasov partition function. In Section 3, we formulate a general 
correspondence between certain classes of freely-acting orbifolds in string theory and the N = 2
gauge theory, and illustrate our construction in terms of an explicit symmetric orbifold model 
with a type IIA dual. Moreover, in Section 4, we realise the mass deformation in type I orien-
tifolds and derive the Nekrasov partition function in a specific model, including the refined case. 
Finally, Section 5 summarises our conclusions.
2. N = 2 realisation in string theory
2.1. An asymmetric orbifold model
In order to realise the N = 2 theory in the heterotic string, we begin with the E8×E8 heterotic 
model1 on T 6 and identify a suitable orbifold action that gives mass to part of the N = 4 vector 
multiplet and to two gravitini. As shown below, the resulting string theory has eight unbroken 
supercharges and a massive adjoint hypermultiplet. In order for the orbifold not to project out 
non-invariant states but rather give them non-trivial masses, the orbifold in question must act 
freely on the T 6 coordinates, i.e. without fixed points. The simplest possibility is to consider a 
Z2 orbifold which couples rotations on two of the complexified coordinates parametrising the 
T 6 with a translation along the third complexified coordinate. Hence, we obtain a freely-acting 
variation of the standard orbifold realisation of the K3 surface as T 4/Z2.
To identify the orbifold action, we start by constructing the vertex operators of the fields in 
the N = 4 vector multiplet. For simplicity, we work in the light-cone gauge. Let us denote by 
Z1, Z2, Z3 the complexified coordinates on T 6 and by 1, 2, 3 their fermionic worldsheet 
superpartners. The latter can be bosonised in terms of three chiral bosons j(z) as
j(z) = ei
√
2j , ¯j (z) = e−i
√
2j , j = 1,2,3, (2.1)
where we have conventionally set α′ = 1. In order for the resulting theory to enjoy an unbroken 
N = 2 supersymmetry, the Z2 orbifold must rotate the fermionic coordinates in the planes j =
2, 3 with opposite angles π , −π
2 → eiπ2, 2 → 2 + π√
2
,
3 → e−iπ3, 3 → 3 − π√
2
.
(2.2)
The presence of the 
√
2 factors in the above expressions is consistent with the fact that boson-
isation of the worldsheet fermions occurs at the fermionic radius r = 1/√2. Note also that the 
above action on the fermions induces the breaking of the SO(6) R-symmetry group of N = 4
down to SO(2) × SO(4).
The worldsheet fermions ψμ of the ten-dimensional theory transform under the SO(8) little 
group. Upon toroidally compactifying down to four dimensions, one may decompose SO(8) →
1 A similar asymmetric construction can also be performed for the SO(32) heterotic string.
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ψμ together with the complex fermion 1 associated to the internal T 2 that is left unrotated by 
the Z2 orbifold. The second SO(4) factor then corresponds to the complex fermions 2, 3 in 
the T 4 directions that are rotated by the orbifold action. Similarly, we define spin fields for the 
fermions associated to the two SO(4) factors via
Sα = e±
i√
2
(0+1)
, Sα˙ = e±
i√
2
(0−1)
,
	A = e±
i√
2
(2+3)
, 	A˙ = e±
i√
2
(2−3)
.
(2.3)
The indices α, α˙ correspond to the (Weyl) spinor and conjugate spinor representations of the 
first SO(4) factor and, similarly, A, A˙ label the two Weyl spinor representations associated to the 
second SO(4) factor.
In the above notation, the N = 4 vector multiplet vertex operators may be written explicitly 
as
a vector boson : ψμ(z) J¯ (z¯),
gaugini : Sα˙ 	A(z) J¯ (z¯), Sα 	A˙(z) J¯ (z¯),
scalars : e±i
√
2j (z) J¯ (z¯), j = 1,2,3,
(2.4)
where J¯ (z¯) is a right-moving current in the Kac–Moody algebra of the gauge group. It is now 
straightforward to see that under the Z2 action (2.2) on the fermions, the left-moving operators
Sα 	A˙(z), e
±i√22, e±i
√
23 , (2.5)
transform with a minus sign, which implies the decomposition of the N = 4 vector multiplet into 
an N = 2 vector multiplet:
a vector boson : ψμ(z) J¯ (z¯),
gaugini : Sα˙ 	A(z) J¯ (z¯),
scalars : e±i
√
21(z) J¯ (z¯),
(2.6)
and an N = 2 adjoint hypermultiplet:
fermions : Sα 	A˙(z) J¯ (z¯),
scalars : e±i
√
2j (z) J¯ (z¯), j = 2,3.
(2.7)
In order to preserve an unbroken local N = (1, 0) worldsheet supersymmetry, the action (2.2) of 
the Z2 orbifold on the fermions needs to be supplemented with the corresponding Z2 action on 
the left-moving worldsheet bosons
Z2L → eiπ Z2L, Z3L → e−iπ Z3L. (2.8)
If the Z2 rotation is consistently coupled to a translation along some direction in the first 
plane Z1, states that are charged under the action of the rotation are no longer projected out 
in the orbifolded theory, but rather acquire a Scherk–Schwarz mass proportional to their charge.
It is then straightforward to see that in order to render the N = 2 hypermultiplet massive 
via the Scherk–Schwarz mechanism without affecting the gauge group, the orbifold action on 
the right moving currents J¯ must be trivial. In particular, this requires that the right moving T 6
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acting orbifold generated by
g = eiπQL δ. (2.9)
Here, exp(iπQL) is the operator rotating the worldsheet super-coordinates in the j = 2, 3 com-
plex planes by opposite angles ±π as in eqs. (2.2), (2.8), and δ is an order two (momentum) shift 
along the first cycle of the j = 1 complex plane
δ : Z1 → Z1 + iπ
√
T2
U2
, (2.10)
where T , U are the Kähler and complex structure moduli of the T 2 parametrised by Z1 =
X2 + iX1. In the special case of a rectangular 2-torus without B field, corresponding to the 
factorisation limit T 2 = S1 × S1, the above shift is nothing but a translation by half the circum-
ference of the first circle X1.
2.1.1. Spectrum of the theory
The one loop partition function of the theory reads
Z = 1
22 η12 η¯24
∑
a,b=0,1
H,G=0,1
(−1)a+b+ab+HG ϑ[a
b
]2
ϑ
[a+H
b+G
]
ϑ
[a−H
b−G
]
4,4
[H
G
]
2,2
[H
G
]
2E8(τ¯ ),
(2.11)
where a, b are summed over the spin structures on the worldsheet torus, H labels the orbifold 
sectors and the sum over G imposes the Z2 invariance projection. 4,4
[H
G
]
is the asymmetrically 
twisted lattice partition function of the j = 2, 3 planes, 2,2
[H
G
]
(T , U) is the shifted Narain lattice 
associated to the j = 1 plane and E8(τ¯ ) is the anti-chiral E8 lattice partition function. ϑ
[a
b
]
(τ )
stands for the one-loop Jacobi theta constant with characteristics and η(τ) is the Dedekind eta 
function.
Due to the asymmetric nature of the orbifold rotation, the K3 lattice is taken to lie at the 
fermionic factorised point, where the T 4 parametrised by Z2, Z3 can be viewed as the product 
of four circles with all radii equal to r = 1/√2 and its moduli are stabilised at the minimum of 
the tree level scalar potential generated by the Scherk–Schwarz gauging of N = 4 supergravity:
V (χα) ∼ 1
S2T2U2
∑
α
|1 + χ2α |2
Im(χα)
, (2.12)
where S2 is the imaginary part of the heterotic dilaton and χα are the moduli of T 4.
As a result, its partition function can be entirely expressed in terms of one-loop Jacobi theta 
constants
4,4
[H
G
]= 1
2
∑
γ,δ=0,1
ϑ
[γ
δ
]2
ϑ
[γ+H
δ+G
]
ϑ
[γ−H
δ−G
]
ϑ¯
[γ
δ
]4
. (2.13)
On the other hand, the T , U moduli of the T 2 parametrised by Z1 remain massless and cor-
respond to the no-scale moduli of the partial supersymmetry breaking. The contribution of the 
shifted Narain lattice reads
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[H
G
]
(T ,U) = τ2
∑
m,n
(−1)m1G q 14 |PL|2 q¯ 14 |PR |2, (2.14)
with PL, PR being the complexified lattice momenta
PL = m2 − U¯m1 + T¯ (n
1 + H2 + U¯n2)√
T2U2
, PR = m2 − U¯m1 + T (n
1 + H2 + U¯n2)√
T2U2
.
(2.15)
In particular, PL is identified as the central charge of the N = 2 superalgebra.
The one-loop partition function of the theory is consistent with unitarity and modular invari-
ance at all genera, as guaranteed by the theorems of fermionic [33] and asymmetric orbifold [34]
constructions. It is convenient to rewrite (2.11) in terms of SO(2n) characters
O2n = 12ηn (ϑ
n
3 + ϑn4 ), V2n =
1
2ηn
(ϑn3 − ϑn4 ),
S2n = 12ηn (ϑ
n
2 + i−nϑn1 ), C2n =
1
2ηn
(ϑn2 − i−nϑn1 ),
(2.16)
from which the spectrum may be easily read. The expansion explicitly reads
η2η¯2 Z = (V4O4 − S4S4)
(
4,4
[ 0
+
]
2,2
[ 0
+
]+ 4,4[ 0−]2,2[ 0−]) (O¯16 + C¯16)2
+ (O4V4 −C4C4)
(
4,4
[ 0
−
]
2,2
[ 0
+
]+ 4,4[ 0+]2,2[ 0−]) (O¯16 + C¯16)2
+ (V4C4 − S4V4)
(
4,4
[ 1
+
]
2,2
[ 1
+
]+ 4,4[ 1−]2,2[ 1−]) (O¯16 + C¯16)2
+ (O4S4 −C4O4)
(
4,4
[ 1
+
]
2,2
[ 1
−
]+ 4,4[ 1−]2,2[ 1+]) (O¯16 + C¯16)2,
(2.17)
where we decomposed the lattices into irreducible representations
d,d
[H
±
]= 1
2ηdη¯d
(
d,d
[H
0
]± d,d[H1 ]), (2.18)
so that the ± sign indicates the eigenvalue of the object with respect to the Z2 action, and we 
included also the associated oscillator contributions encoded in the Dedekind functions.
It is clear that the shifted lattice with H = 1 carries non-trivial winding charge and the corre-
sponding states decouple in the low energy limit. We hence focus our attention on the untwisted 
sector H = 0. In this sector, the Z2 invariant shifted lattice 2,2
[ 0
+
]
projects to the m1 = 0 mod 2
subsector and gives rise to massless states with vanishing momentum and winding numbers. On 
the other hand, the Z2 charged lattice 2,2
[ 0
−
]
instead projects to the m1 = 1 mod 2 subsector and 
is responsible for attributing Scherk–Schwarz masses to charged states.
The twisted lattice contribution to the conformal weights can be read off from its explicit 
expansion around the cusp τ = ∞:
4,4
[ 0
+
]= (qq¯)1/6 (1 + 12q + 28 q¯ + 96q1/2 q¯1/2 + . . .) ,
4,4
[ 0
−
]= (qq¯)1/6 (96q1/2 q¯1/2 + 16q + . . .) . (2.19)
Notice, in particular, that the non-invariant combination 4,4
[ 0
−
]
always contributes at least 1/2
unit of left-moving conformal weight, hence giving rise to states with string scale masses, which 
can be similarly ignored in a low energy analysis of the spectrum.
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ter gauge group of the theory at a generic point in the T , U moduli space is identified as 
G = E8 × E8 × SO(8) × U(1)2. The U(1) factors arise from the dimensional reduction on the 
unrotated T 2 parametrised by Z1 and correspond to the currents J¯ (z¯) = i∂¯X1 or i∂¯X2. On the 
other hand, the SO(8) factor is a consequence of the enhancement U(1)4 → SO(8), due to the 
compactification of the T 4 directions Z2 = X4 + iX3, Z3 = X6 + iX5 at the fermionic radii. 
The SO(8) Kac–Moody algebra is then realised by the currents
J¯ (z¯) = { i∂¯Xa, e±i
√
2XbR(z¯)±i
√
2XcR(z¯) }, b = c, (2.20)
with a, b, c = 1, . . . , 4.
The hypermultiplets arise from the O4V4 − C4C4 part of eq. (2.17) and are massive, by con-
struction. This can be seen by noticing that these states carry odd momentum charge along the 
direction of the shift.
The low lying states of interest, which become massless in the limit where N = 4 supersym-
metry is recovered, are given by m1 = ±1 and n1 = 0. The first possibility is to take m2 = n2 = 0, 
in which case the corresponding vertex operators are
Sα 	A˙(z) J¯ (z¯)
e±i
√
2j (z) J¯ (z¯)
}
× exp
[
±i UZ
1(z, z¯)+ U¯ Z¯1(z, z¯)
2
√
T2U2
]
. (2.21)
Note that they are invariant under the orbifold action, since the shift in Z1 eq. (2.10) precisely 
cancels the minus sign from the left-movers. Their physical mass is given by
m2hyp,1 =
|U |2
T2U2
, (2.22)
and is further identified as the scale m23/2 of the N = 4 →N = 2 supersymmetry breaking. The 
presence of J¯ in the vertex operators ensures that the hypers indeed transform in the adjoint of 
the gauge group G, as expected.
The second possibility is to consider m2 = n2 = ±1, in which case the corresponding vertex 
operators are
Sα 	A˙(z)
e±i
√
2j (z)
}
× exp
[
i
2
(
PLZ¯
1
L + P¯LZ1L + PRZ¯1R + P¯RZ1R
)]
, (2.23)
with the lattice momenta given by
PL = ±(1 + T¯ U¯ )± U¯√
T2U2
, PR = ±(1 + T U¯)± U¯√
T2U2
. (2.24)
These states are again massive, with their physical mass being given by
m2hyp,2 =
|1 + T U ±U |2
T2U2
. (2.25)
They correspond to states charged under the adjoint of an SU(2) gauge group that arises as a 
result of enhancement, as we discuss below.
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We next investigate the possibility of enhanced gauge symmetry at special points in the moduli 
space SO(2, 2)/SO(2) × SO(2) parametrised by the T , U moduli of the unrotated T 2 torus. 
Clearly, this can only arise from the sector
(V4O4 − S4S4)2,2
[ 0
+
]
. (2.26)
In order to create a level matched state, we demand that the lattice momenta satisfy
|PL|2 − |PR|2 = −4(m1n1 + m2n2) = −4. Since in this sector m1 = 0 mod 2, it is sufficient 
to choose the state m1 = n1 = 0 and m2 = n2 = ±1, in which case the vertex operators of the 
extra charged states read
ψμ(z)
Sα˙ 	A(z)
e±i
√
21(z)
⎫⎪⎬
⎪⎭× exp
[
i
2
(
PLZ¯
1
L + P¯LZ1L + PRZ¯1R + P¯RZ1R
)]
, (2.27)
where
PL = ±1 + T¯ U¯√
T2U2
, PR = ±1 + T U¯√
T2U2
(2.28)
and their physical mass is
m2vec =
|1 + T U |2
T2U2
. (2.29)
In particular, they become massless at the point T = −1/U . Note that, contrary to the N = 2
string theory obtained by compactifying the heterotic string on K3 × T 2, in the present N = 2
case, the T-duality group is no longer the full SL(2; Z)T ×SL(2; Z)U Z2 but is actually broken 
to its subgroup 0(2)T × 0(2)U Z2. As a result, this point of gauge symmetry enhancement 
is not equivalent to the T = U one, since (0 −11 0 ) /∈ 0(2). This is an effect originating from the 
freely acting nature of the Z2 orbifold.
At the enhancement point T = −1/U , the U(1) × U(1) gauge symmetry becomes enhanced 
to SU(2) × U(1). Explicitly, the vertex operators of the massless vector multiplets transforming 
under the SU(2) × U(1) become
ψμ(z)
Sα˙ 	A(z)
e±i
√
21(z)
⎫⎪⎬
⎪⎭× { J¯0(z¯), J¯±(z¯), ˆ¯J0(z¯) }, (2.30)
where
J¯0(z¯) = i U1 ∂¯X
1 +U2 ∂¯X2
|U | , J¯±(z¯) = exp
[
±2i U1X
1
R(z¯)+U2X2R(z¯)
|U |
]
, (2.31)
realise the SU(2) Kac–Moody algebra at level k = 1, whereas the remaining U(1) is generated 
by the orthogonal combination
ˆ¯J0(z¯) = i U2 ∂¯X
1 −U1 ∂¯X2
|U | . (2.32)
This U(1) is the one used in the Scherk–Schwarz mechanism in order to give masses to all 
hypermultiplets of the theory.
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E8 × E8 × SO(8) and those transforming in the adjoint of SU(2) given in eqs. (2.21) and (2.24), 
respectively, become degenerate in mass, m2hyp,1 = m2hyp,2 = |U |4/U22 . This degeneracy can be 
lifted by turning on non-trivial Wilson lines along the unrotated T 2 for the E8 ×E8 ×SO(8) gauge 
group factors, breaking them to U(1)24. The latter can be accomplished by adding a marginal 
deformation of the form Aai ∂XiJ¯ a(z¯) to the worldsheet Lagrangian. The effect of the Wilson 
line is to modify the masses of the states so that the above enhancement point is now modified to 
T U −W 2/2 = −1. The hypermultiplet masses are also modified:
m2hyp,1 =
|Q ·W +U |2
T2U2 − 12W 22
, m2hyp,2 =
|1 + T U − 12W 2 ±U |2
T2U2 − 12W 22
, (2.33)
with Qa being the associated Cartan charges associated to the roots of E8 × E8 × SO(8), nor-
malised to length Q2 = 2, and Wa = Ya2 − UYa1 being the complexified Wilson line. Notice 
that, indeed, at the TU − W 2/2 = −1 enhancement point, the hypermultiplet masses m2hyp,1
with Q = 0 and m2hyp,2 are no longer degenerate. This hierarchy of masses permits one to fo-
cus on the field theory limit of various gauge group factors in G by consistently decoupling the 
degrees of freedom of the others. For simplicity, we henceforth focus on the SU(2) gauge fac-
tor. The case Q = 0, on the other hand, corresponds to the case where J¯ in (2.21) is associated 
with the Cartan current J¯0 of SU(2). At the enhancement point, this state becomes degener-
ate with the hypermultiplets (2.23) of mass m2hyp,2 and completes the adjoint representation of 
SU(2).
2.2. Topological amplitudes in N = 2
A well-defined check of our proposal for the realisation of N = 2 in terms of the asymmetric 
orbifold model discussed in the previous section is the computation of the partition function of 
the mass deformed gauge theory on R4 × S1 twisted by equivariant rotation parameters 1,2. 
More precisely, exploit the relation of the Nekrasov partition function of gauge theory to the 
free energy of topological string theory or, equivalently, to physical string amplitudes involving 
insertions of anti-self-dual graviphoton field strengths. Indeed, the field theory limit of the genus 
g partition function Fg of topological string theory on a Calabi–Yau manifold, is related to the 
Nekrasov partition function ZNek via∑
g≥0
2g−2 Fg
∣∣∣
F.T.
= log ZNek(1 = −2 ≡ ). (2.34)
On the other hand, Fg computes physical, genus g string amplitudes of the (untwisted) type II 
theory, involving two insertions of anti-self-dual Riemann tensors and 2g − 2 insertions of anti-
self-dual graviphoton field strengths. In the dual heterotic theory, these couplings start receiving 
corrections at genus one while being protected against higher perturbative corrections. As a re-
sult, in order to extract the perturbative part of the gauge theory partition function corresponding 
to our asymmetric orbifold model, it is sufficient to compute heterotic topological amplitudes 
at genus one and expand their field theory limit around a suitable point of enhanced gauge 
symmetry. Specifically, we focus on the SU(2) enhancement arising at the TU − W 2/2 = −1
point.
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The topological amplitudes of interest calculate higher derivative terms in the string effective 
action of the form∫
d4θ Fg(X)W
2g = Fg(φ)R2− F 2g−2− + . . . . (2.35)
Here, R−, F− are the anti self-dual Riemann tensor and graviphoton field strength, respectively, 
which arise as the bosonic components of the Weyl superfield W . Furthermore, X collectively 
denotes the chiral superfields of the theory with scalar component φ.
In heterotic string perturbation theory, these amplitudes receive contributions at one loop in 
gs and are otherwise protected against higher perturbative corrections. Denoting by Z4, Z5 the 
complexified space–time coordinates and by 4, 5 their fermionic superpartners, one may 
write the relevant vertex operators in a convenient kinematic configuration as
VR−(p4) = (∂Z5 − ip445) ∂¯Z5 eip4 Z
4
,
VR−(p¯4) = (∂Z¯5 − ip¯4¯4¯5) ∂¯Z¯5 eip¯4 Z¯
4
,
VF−(p4) = (∂Z1 − ip441) ∂¯Z5 eip4 Z
4
,
VF−(p¯4) = (∂Z1 − ip¯4¯41) ∂¯Z¯5 eip¯4 Z¯
4
.
(2.36)
In calculating the correlator 〈R2−F 2g−2− 〉, one notices that the effect of the two Riemann tensor 
insertions is simply to soak up the 4, 5 zero modes, as reflected in (2.35). In addition, the 
worldsheet fermions 1 in the graviphoton vertex operators do not contract and their one loop 
contribution cancels against that of the superghost. The correlator reads
(p4p¯4)
g−1〈 g−1∏
i
∫
dxi ∂Z
1(Z4∂¯Z5)(xi)
g−1∏
j
∫
dyj ∂Z
1(Z¯4∂¯Z¯5)(yj )
〉
. (2.37)
This can be straightforwardly calculated by taking suitable derivatives of the generating function
F() =
∑
g
2g
(g!)2 Fg =
〈
exp
[
− 
∫
d2z ∂Z1(Z4∂¯Z5 + Z¯5∂¯Z¯4)
]〉
, (2.38)
where  can be physically viewed as a vacuum expectation value for the graviphoton field 
strength. Since Z1 contributes only through its zero mode, the path integral over Z4, Z5 be-
comes effectively Gaussian and is explicitly evaluated to be
Gbos() = (2πi)
2η¯6
ϑ¯1(˜)2
e
− π˜2
τ2 , (2.39)
where ˜ = τ2PL/
√
T2U2 −W 22 /2.
This is to be supplemented by the path integral over the internal worldsheet fields. In particu-
lar, the contribution of the worldsheet fermion correlators after appropriate summation over the 
spin structures yields
1
2
∑
a,b=0,1
(−1)a+b(〈(z)¯(0)〉[ab])2ϑ[ab]2 ϑ[a+Hb+G ]ϑ[a−Hb−G ] = [ϑ ′1(0)]2 ϑ[1+H1+G ]ϑ[1−H1−G ].
(2.40)
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contribution of the twisted worldsheet fermions 2, 3 exactly cancels against that of their 
twisted bosonic superpartners Z2, Z3, as can be seen from the identity
4,4[HG ] =
4η6
ϑ[1+H1+G ]2
⎛
⎝ 1
2
∑
γ,δ=0,1
(−1)G(γ+H) ϑ¯[γδ ]4 − (−)
G
2 ϑ¯[1+H1+G ]4
⎞
⎠ , (2.41)
valid for (H, G) = (0, 0). Furthermore, the contribution of [ϑ ′1(0)]2 = (2πη3)2, together with 
the η6 arising from the twisted lattice exactly cancels against the remaining η−12 contribution of 
the left moving oscillators and the amplitude takes the manifestly BPS form
F() =
∫
F
d2τ
τ 22
Gbos()
4¯
∑
H,G=0,1
(H,G)=(0,0)
∑
γ,δ=0,1
(γ,δ)=(1,1)
(−1)G(γ+1) ϑ¯[γ+Hδ+G ]4 2,18[HG ](T ,U,W),
(2.42)
where (τ) = η24(τ ) is the modular discriminant and F is the fundamental domain of SL(2; Z).
2.2.2. Field theory limit
We can now extract the field theory limit of the amplitude expanded around the SU(2) en-
hancement point TU − W 2/2 = −1. Since states in the H = 1 sector are characterised by 
non-trivial winding along the X1 direction, the only relevant contribution stems from the sec-
tor H = 0, G = 1:
F()∣∣F.T. = 12π22 ∑
m,n
Q=0
∫
dt
t
(−1)m1
sin2  t
e
−t
√
T2U2− 12W 22 P¯L . (2.43)
Around the enhancement point, the amplitude exhibits a singularity due to the extra massless 
vector multiplet states and includes the effect of the hypermultiplets charged under SU(2). For 
these contributions, the field theory limit of the amplitude takes the form
1
(2π)2
F()∣∣F.T. = ∑
k=0,±1
[
γh¯(kμ)− γh¯(kμ+mh)
]
, (2.44)
where γ(a) = log2(a|, −) is given in terms of Barnes’ double gamma function, and we 
have set h¯ = 2πi. In addition, μ = 1 + T U −W 2/2 and mh = U are the BPS mass parameters 
associated to the vector- and hyper-multiplets, respectively. As anticipated, our amplitude exactly 
reproduces the -deformed partition function of the N = 2 gauge theory [3,31].
The topological amplitudes Fg evaluated at the one loop level in the heterotic string coupling, 
may be used to extract information about the dual type IIA compactification. More precisely, 
from the work of [10,38], these objects encode interesting topological information about the dual 
Calabi–Yau since they correspond, in the standard case, to the genus g topological string free 
energy. The heterotic dilaton S lies in a vector multiplet, which implies that the vector multiplet 
moduli space receives perturbative and non-perturbative corrections, whereas the hypermulti-
plet one is exact. In type IIA constructions based on Calabi–Yau manifolds, the dilaton lies in 
a hypermultiplet and the vector moduli space receives no corrections. A peculiarity of the real-
isation of N = 2 in terms of the freely acting asymmetric orbifold of Section 2 is that, since 
all hypermultiplets have acquired Scherk–Schwarz masses and the corresponding moduli are 
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stabilised at gII ∼ 1. In other words, a perturbative type IIA description, dual to our asymmetric 
heterotic construction, does not exist. Nevertheless, the heterotic amplitudes Fg are expected to 
probe topological information of a type II dual theory obtained as a Scherk–Schwarz reduction 
of M-theory.
3. Geometrically engineering N = 2 in string theory
We have seen that the heterotic asymmetric orbifold realisation of the previous section does 
not admit a perturbative type II dual. It is, however, possible to generalise our construction in 
order to geometrically engineer N = 2 for more general orbifolds, including symmetric ones 
for which explicit dual type II descriptions are known.
3.1. The general correspondence
In order to construct a string theory uplift of the mass deformation in gauge theory, it is 
necessary to first elaborate on the properties of the latter since these are crucial in establishing 
our main correspondence. Indeed, as mentioned above, the mass deformation is responsible for 
the breaking of the N = 4 supersymmetry to N = 2 in such a way that the N = 2 hypermultiplet 
inside the N = 4 vectormultiplet acquires a mass. Clearly, the resulting theory – the N = 2
gauge theory – interpolates between the N = 4 and the N = 2 theories, in the zero and infinite 
mass limits, respectively.
The D-brane description turns out to be very useful in order to establish the correspondence. 
More precisely, the pure N = 4 gauge theory can be realised as the theory of massless exci-
tations of a stack of parallel D3-branes in which the degrees of freedom of the open strings 
stretching between the branes lead to the N = 4 vector multiplet. In this picture, the mass de-
formation corresponds to tilting the branes in some internal directions, in such a way that the 
mass be proportional to the angle. Recalling that branes at angles can alternatively be described 
by magnetic fluxes in the original background, one may, by analogy, expect that the mass defor-
mation of gauge theory can also be described in string theory by a freely acting orbifold of the 
original N = 4 compactification. It is very striking that this picture is quite generic and is due 
to the universality of the low-energy behaviour of a wide class of string models. Therefore, we 
propose a general correspondence for which we extensively argue below: freely acting orbifolds 
of N = 4 compactifications realise N = 2 in string theory. More general constructions, such 
as flux compactifications corresponding to gaugings of N = 4 supergravity are also expected to 
provide candidates for realising N = 2 in string theory. However, they do not generically admit 
an exact worldsheet description.
We insist that, as explained below, the details of the specific construction of the freely-acting 
model do not impinge on the correspondence since the N = 2 features turn out to be quite 
generic in the string moduli space, provided that its action preserves eight supercharges. This is 
what we refer to as universality. In addition, the original N = 4 theory is recovered in a standard 
fashion as a decompactification limit of the Scherk–Schwarz cycle.
In the present work, we mainly focus on compact internal spaces, in which case the gauge 
groups that can be described in the field theory are only subgroups of the stringy-allowed ones. 
Equivalently, anomaly cancellation restricts the number of allowed D-branes and, therefore, the 
maximum rank of the gauge group. However, one could consider non-compact internal spaces 
like C2/Zk for arbitrary k such that arbitrary ranks are permitted. Additionally, this leads to 
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product of the Scherk–Schwarz radius R with k fixed, since the adjoint mass is then proportional 
to 1/kR.
In what follows, we elaborate on the correspondence by analysing the properties of a broad 
class of freely-acting orbifolds. In particular, we show that the resulting spectrum is the N = 2
one.
3.2. The class of models and their spectrum
Without loss of generality, we focus on Z2 freely-acting orbifolds of N = 4 heterotic com-
pactifications for which we specify only the pertinent part of the orbifold action in order to keep 
the discussion generic, while deferring the discussion of specific models to subsequent sections. 
Starting from a T 6 compactification, the action of the orbifold should at least rotate the left-
movers of two of the complex toroidal coordinates while shifting the third one, in such a way 
that the action does not have any fixed point. The partition function of this theory is
Z = 1
22 η12 η¯24
∑
a,b=0,1
H,G=0,1
(−1)a+b+ab ϑ[a
b
]2
ϑ
[a+H
b+G
]
ϑ
[a−H
b−G
]
4,4
[H
G
]
2,18
[H
G
]
, (3.1)
where a, b are summed over the spin structures on the worldsheet torus, H labels the orbifold 
sectors and the sum over G imposes the Z2 invariant projection. 4,4
[H
G
]
is the twisted lattice 
partition function and 2,18
[H
G
]
(T , U) is the shifted Narain lattice associated to the T 2 together 
with the gauge lattice directions. For convenience, we join the latter into a single lattice partition 
function Z6,22
[H
G
]
. We further absorb potential phase factors depending on the specific model 
and ensuring modular invariance into the definition of 2,18. It is clear that the orbifold action 
on the left movers is identical as that of the asymmetric model of Section 2 and preserves eight 
supercharges. Contrary to the asymmetric model, however, we now allow for a non-trivial ac-
tion on the right-movers as well, incorporating also the case of symmetric actions on the T 4
coordinates.
The spectrum of the theory can be organised into contributions of the gravity, vector and hyper 
multiplets by expressing the partition function (3.1) in terms of SO(2n) characters:
η4η¯4 Z = (V4O4 − S4S4)Z6,22
[ 0
+
]+ (O4V4 −C4C4)Z6,22[ 0−]
+ (V4C4 − S4V4)Z6,22
[ 1
∓
]+ (O4S4 −C4O4)Z6,22[ 1±]. (3.2)
In the twisted sector H = 1, the parity under the orbifold action of the lattice block Z6,22 depends 
on whether the orbifold is asymmetric or symmetric. In addition, it can be straightforwardly 
expanded in terms of the toroidal and gauge lattices. For instance,
Z6,22
[H
+
]= 4,4[H+ ]2,18[H+ ]+ 4,4[H− ]2,18[H− ], etc. (3.3)
As in the asymmetric orbifold case, the H = 1 sector involves states with non-trivial winding and 
generically decouples in the low energy limit, provided the characteristic radius of the Scherk–
Schwarz cycle is much larger than the string scale, T2/U2  1. We hence focus our attention on 
the untwisted sector H = 0.
I. Florakis, A. Zein Assi / Nuclear Physics B 909 (2016) 480–506 493Clearly, the states of interest around the SU(2) enhancement point TU − W 2/2 = −1 are 
neutral with respect to the gauge bundle, Q = 0, and arise only from the sectors:
(V4O4 − S4S4)4,4
[ 0
+
]
2,18
[ 0
+
]
(O4V4 −C4C4)4,4
[ 0
+
]
2,18
[ 0
−
]
.
(3.4)
Indeed, one obtains the vector multiplet associated to the SU(2) gauge bosons, and the asso-
ciated massive adjoint hypermultiplet. The quantum numbers, vertex operators, and masses of 
these states are precisely identical to those appearing in the asymmetric orbifold construction 
of Section 2. This is a consequence of the fact that the SU(2) enhancement is realised by the 
Kaluza–Klein and winding states of the T 2 torus alone. In other words, they arise from a univer-
sal sector that is not affected by the gauge bundle, as can be seen by turning on generic Wilson 
lines.
Therefore, these models correctly engineer the N = 2 gauge theory in the field theory 
limit. This picture may be explicitly confirmed by calculating the partition function of the 
-deformation of the latter, as a field theory limit of the string theoretic graviphoton ampli-
tude (2.35) in these general freely-acting orbifold backgrounds. Indeed, denoting by [HG ] the 
path integral over the internal worldsheet field (that depends on the specific details of the model), 
the amplitude takes form
F() =
∫
F
d2τ
τ 22
Gbos()
∑
H,G=0,1
[HG ]2,2[HG ], (3.5)
and one indeed recovers (2.44).
3.3. An example heterotic/type II dual pair
In order to illustrate our previous considerations, we consider an explicit example of het-
erotic/type II dual pair with h1,1 = h2,1 = 11 discussed in [39,40]. We briefly review their 
construction here. The starting point is the familiar heterotic/type II duality in six space–time 
dimensions, with the type II theory living on K3  T 4/Z2 and the heterotic one on T 4. Upon 
toroidal compactification of each theory on a T 2, one obtains a four dimensional theory with 
N = 4 supersymmetry. Subsequently, one introduces a freely acting Z′2 orbifold on both theo-
ries, which is responsible for the spontaneous breaking of N = 4 → N = 2. On the type IIA 
side, this free action generates an elliptic fibration of the Enriques surface over P1  T 2/Z2. 
Explicitly, if we denote by Z1 the complex coordinate of T 2, and Z2, Z3 the coordinates of T 4
in the type IIA theory, the orbifold action g ∈ Z2 generating the singular limit of K3 and the free 
action G ∈ Z′2 generating the elliptic fibration can be chosen to act as
g : Z1 → Z1, Z2 → −Z2, Z3 → −Z3,
G : Z1 → −Z1, Z2 → Z2 + iπ
√
T
(2)
2
U
(2)
2
, Z3 → −Z3 + iπ
√
T
(3)
2
U
(3)
2
.
(3.6)
Here, T (i) and U(i) are the Kähler and complex structure moduli of the T 2 × T 2 × T 2 decom-
position of the six dimensional internal space. By considering the six dimensional duality, it is 
straightforward to identify T (1) as the dual of the heterotic dilaton modulus S. Similarly, the Käh-
ler moduli of the K3 directions T (2), T (3) belonging to type IIA vector multiplets are mapped to 
the Kähler and complex structure moduli T , U of the dual heterotic theory.
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tional massless states arising from the twisted sectors. In addition to the N = 2 gravity multiplet, 
one obtains an equal number h1,1 = h2,1 = 11 of vector and hyper multiplets, as well as the 
tensor multiplet of the type IIA dilaton. The partition function of the theory explicitly reads
ZIIA = 122 η12η¯12
∑
h,g=0,1
H,G=0,1
1
2
∑
a,b=0,1
(−1)a+b ϑ[ab]ϑ[a+Hb+G ]ϑ[a+hb+g]ϑ[a−h−Hb−g−G ]
× 1
2
∑
a¯,b¯=0,1
(−1)a¯+b¯+a¯b¯ ϑ¯[a¯
b¯
] ϑ¯[a¯+H
b¯+G ] ϑ¯[a¯+hb¯+g] ϑ¯[a¯−h−Hb¯−g−G ]
× (1)2,2
[0
0
∣∣H
G
]

(2)
2,2
[H
G
∣∣h
g
]

(3)
2,2
[H
G
∣∣h+H
g+G
]
.
(3.7)
Here, h, H = 0, 1 label the orbifold sectors of Z2 × Z′2, and the sum over g, G = 0, 1 enforces 
the corresponding orbifold projections. The notation employed for the lattice sums associated to 
the three T 2 planes is as follows:

(j)
2,2
[h1
g1
∣∣h2
g2
]=
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
4η3η¯3∣∣ϑ[1+h21+g2 ]ϑ[1−h21−g2 ]∣∣ , for (h2, g2) = (0,0) and (h1, g1)∈{(0,0), (h2, g2)},

(j),shift
2,2
[h1
g1
]
, for (h2, g2) = (0,0),
0, otherwise.
(3.8)
In the above notation for the shifted/twisted (2,2) lattice, the first column [h1g1 ] denotes a shift 
of the two-torus along its first cycle, whereas the second column [h2g2 ] denotes a twist. The van-
ishing components of the shifted/twisted lattice can be understood, for instance, from the fact 
that a lattice in the twisted sector with respect to the translation (shift) orbifold (h1, h2) = (1, 0)
necessarily involves states with non-trivial momentum and/or winding numbers. On the other 
hand, a simultaneous projection with respect to the rotation (twist) orbifold (g1, g2) = (0, 1)
only receives contributions from states with both momentum and winding numbers vanishing. 
By modular transformations, one shows the vanishing of the remaining sectors.
The dual theory may be constructed by consistently translating the free action of Z′2 on the 
heterotic degrees of freedom. It is clear that the action of Z′2 on the left movers must be iden-
tical to that of the freely acting asymmetric orbifold of Section 2, and is responsible for the 
spontaneous breaking of N = 4 →N = 2. Since the type IIA model does have massless hyper 
multiplets, one is led to consider instead a symmetric action of Z′2 on the T 6 internal space of 
the E8 × E8 heterotic string:
Z
′
2 : Z1 → Z1 + iπ
√
T2
U2
, Z2 → −Z2, Z3 → −Z3. (3.9)
Determining the orbifold action on the heterotic gauge degrees of freedom is more subtle and 
requires a careful mapping of the Z′2 action on the 16 RR gauge fields arising from the twisted 
sector of the type IIA theory on K3 × T 2. There, the shift action of Z′2 has the effect of per-
muting the 16 fixed points, giving rise to 8 positive and 8 negative eigenvalues and reducing the 
rank of the U(1)16 gauge group by a factor of 2. On the heterotic side, this should be similarly 
mapped into an action on the U(1)16 Cartan generators of E8 × E8 with 8 positive and 8 negative 
eigenvalues.
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broken to (SU(2)× SU(2))8k=1  SO(4)8k=1. It is clear that a pairwise interchange of the two 
SU(2) gauge group factors introduces the correct number of negative eigenvalues, as required 
from the type IIA action of Z′2. Let us see how this is realised in the heterotic theory at the level 
of the partition function.
We first introduce three additional Z2 shift orbifolds, which correspond to discrete Wilson 
lines around the K3 directions. Each one of these is labelled by hi, gi = 0, 1 with i = 1, 2, 3 and 
acts as a momentum shift along a separate T 4 direction, supplemented by an appropriate action 
on the gauge bundle degrees of freedom. It is most convenient to employ the fermionic realisation 
of E8 × E8. The action of the hi , gi is such that it breaks the gauge group down to SO(4)8k=1 and 
its partition function contribution reads
8+8
[h1,h2,h3
g1,g2,g3
]= 12 ∑
γ,δ=0,1
ϑ¯
[γ
δ
]2
ϑ¯
[γ+h1
δ+g1
]2
ϑ¯
[γ+h2
δ+g2
]2
ϑ¯
[γ+h3
δ+g3
]2
× ϑ¯[γ+h1−h2
δ+g1−h2
]2
ϑ¯
[γ+h2−h3
δ+g2−g3
]2
ϑ¯
[γ+h3−h1
δ+g3−g1
]2
ϑ¯
[γ−h1−h2−h3
δ−g1−g2−g3
]2
.
(3.10)
This describes a conformal system of 32 real fermions ψ˜a(z¯) which are assembled into eight sets 
of four real fermions each. All fermions within a given set are assigned the same boundary condi-
tions. Due to the different boundary conditions assigned to each of the eight sets, all Kac–Moody 
currents J˜ab(z¯) = iψ˜aψ˜b are twisted except for those currents J˜ab formed out of real fermions 
belonging to the same set. Hence, each set of four real fermions realises an SO(4)k=1 gauge 
group, consistently with the fact that the central charge of SO(4)k is given by c = 6k/(k + 2). 
The level one realisation of this current algebra is obtained in terms of four real fermions ψ˜1, 
ψ˜2, ψ˜3, ψ˜4 by forming the SU(2)+ × SU(2)− currents
J˜ a+(z¯) =
i
2
(
1
2 
abcψ˜b ψ˜c + ψ˜a ψ˜4
)
, J˜ a−(z¯) =
i
2
(
1
2 
abcψ˜b ψ˜c − ψ˜a ψ˜4
)
, (3.11)
where a, b, c = 1, 2, 3. We now need to define the action of Z′2 on these fermionic variables, such 
that the two SU(2)k=1 factors are exchanged. It is clear that this can occur in two ways, either by 
twisting one of the four real fermions
(i) : ψ˜a → ψ˜a, ψ˜4 → −ψ4, (3.12)
or by twisting three out of four
(ii) : ψ˜a → −ψ˜a, ψ˜4 → ψ4. (3.13)
Moreover, in order to generate 8 negative eigenvalues, as required by the action of Z′2 on the 
type IIA side, the twisting of fermions must be repeated for all eight sets, such that all eight 
SU(2) ×SU(2) factors are exchanged under it. This modifies the partition function contribution to
8+8
[hi , H
gi , G
]= 12 ∑
γ,δ=0,1
ϑ¯
[γ+H
δ+G
]3/2
ϑ¯
[γ+H+h1
δ+G+g1
]3/2
ϑ¯
[γ+h2
δ+g2
]3/2
ϑ¯
[γ+h3
δ+g3
]3/2
(−1)G(γ+H)
× ϑ¯[γ+h1−h2
δ+g1−g2
]3/2
ϑ¯
[γ+h2−h3
δ+g2−g3
]3/2
ϑ¯
[γ+h3−h1
δ+g3−g1
]3/2
ϑ¯
[γ−h1−h2−h3
δ−g1−g2−g3
]3/2
× ϑ¯[γ
δ
]1/2
ϑ¯
[γ+h1
δ+g1
]1/2
ϑ¯
[γ+H+h2
δ+G+g2
]1/2
ϑ¯
[γ+H+h3
δ+G+g3
]1/2
ϑ¯
[γ+H+h1−h2
δ+G+g1−g2
]1/2
× ϑ¯[γ+H+h2−h3]1/2 ϑ¯[γ+H+h3−h1]1/2 ϑ¯[γ+H−h1−h2−h3]1/2. (3.14)δ+G+g2−g3 δ+G+g3−g1 δ+G−g1−g2−g3
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sets we twisted one real fermion. The above partition function displays the reduction of the rank 
of the gauge group from 16 to 8 due to the Z′2 action. Indeed, only the diagonal SU(2)8 remains 
after the twisting, and each SU(2)k=2 factor can be realised at level two by three real fermions, 
J˜ ab = iψ˜aψ˜b, with a, b = 1, 2, 3.
Of course, in order to compare with the perturbative spectrum of the type IIA construction, 
the heterotic SU(2)8 gauge group must be broken down to its abelian subgroup U(1)8. This is 
achieved by introducing an additional discrete Wilson line, parametrised by h4, g4 = 0, 1 acting 
as a momentum shift along the fourth direction of T 4 and responsible for twisting one of the real 
fermions that realise each SU(2). Simultaneously, it further twists the eight real fermions corre-
sponding to the ϑ¯1/2 of the last two lines of (3.14). One then obtains the following contribution 
to the gauge bundle partition function
8+8
[hi , H
gi , G
]= 12 ∑
γ,δ=0,1
ϑ¯
[γ−H
δ−G
]
ϑ¯
[γ+H+h1
δ+G+g1
]
ϑ¯
[γ+h2
δ+g2
]
ϑ¯
[γ+h3
δ+g3
]
× ϑ¯[γ+h1−h2
δ+g1−g2
]
ϑ¯
[γ+h2−h3
δ+g2−g3
]
ϑ¯
[γ+h3−h1
δ+g3−g1
]
ϑ¯
[γ−h1−h2−h3
δ−g1−g2−g3
]
× ϑ¯[γ+h4
δ+g4
]1/2
ϑ¯
[γ+h4+h1
δ+g4+g1
]1/2
ϑ¯
[γ+h4+h2
δ+g4+g2
]1/2
ϑ¯
[γ+h4+h3
δ+g4+g3
]1/2
× ϑ¯[γ+h4+h1−h2
δ+g4+g1−g2
]1/2
ϑ¯
[γ+h4+h2−h3
δ+g4+g2−g3
]1/2
ϑ¯
[γ+h4+h3−h1
δ+g4+g3−g1
]1/2
× ϑ¯[γ+h4−h1−h2−h3
δ+g4−g1−g2−g3
]1/2
ϑ¯
[γ+h4+H
δ+g4+G
]1/2
ϑ¯
[γ+h4+H+h1
δ+g4+G+g1
]1/2
× ϑ¯[γ+h4+H+h2
δ+g4+G+g2
]1/2
ϑ¯
[γ+h4+H+h3
δ+g4+G+g3
]1/2
ϑ¯
[γ+h4+H+h1−h2
δ+g4+G+g1−g2
]1/2
× ϑ¯[γ+h4+H+h2−h3
δ+g4+G+g2−g3
]1/2
ϑ¯
[γ+h4+H+h3−h1
δ+g4+G+g3−g1
]1/2
ϑ¯
[γ+h4+H−h1−h2−h3
δ+g4+G−g1−g2−g3
]1/2
.
(3.15)
The total partition function of the heterotic dual theory then reads
Zhet = 125 η12 η¯24
∑
H,G=0,1
hi ,gi=0,1
1
2
∑
a,b=0,1
(−1)a+b+ab
× ϑ[a
b
]2
ϑ
[a+H
b+G
]
ϑ
[a−H
b−G
]
2,2
[H, h1
G, g1
]
4,4
[hi
gi
∣∣H
G
]
8+8
[hi , H
gi , G
]
,
(3.16)
where (H, G) acts on the (2,2) lattice as a momentum shift along the first cycle of T 2, (h1, g1)
acts on the (2,2) lattice as a winding shift along the same cycle, and the four (hi, gi) orbifolds 
act on the (4,4) lattice as momentum shifts along four distinct cycles of T 4. Because of the 
simultaneous twist by (H, G) and the shifts by (hi, gi) along the four directions of T 4, the N = 2
subsectors (H, G) = (0, 0) only receive contributions from (hi, gi) = (0, 0) or (hi, gi) = (H, G)
for each i = 1, 2, 3, 4. Notice that a momentum shift due to (H, G) together with a winding shift 
due to (h1, g1) along the same direction of T 2 introduces a level matching asymmetry in the (2,2) 
lattice which, in turn, ensures that the level matching constraints of the entire theory are properly 
satisfied and the partition function Zhet is modular invariant.
Using the explicit form of their respective partition functions, it is straightforward to show 
that the massless spectra of the type IIA and heterotic models indeed match. Furthermore, it is 
easy to show that the vector multiplets arising from the T 2 gauge group, including the SU(2)
enhancement at TU = −1, together with the massive hypermultiplets charged under it, survive 
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asymmetric model of Section 2. The fact that this orbifold construction correctly reproduces 
(2.44) in the field theory limit and, hence, geometrically engineers N = 2 gauge theory, is a 
natural consequence of the arguments given in Section 3.2.
The recovery of N = 4 supersymmetry occurs in the decompactification limit of T 2 where the 
Scherk–Schwarz radius is taken to infinity, R1 → ∞, whereas in the limit R1 → 0, one recovers 
a standard N = 2 theory as in a non-freely acting orbifold. This property is precisely reproduced 
in the type IIA dual, by considering the large and small volume limits in the T (2), T (3) moduli. 
This implies that the map between the heterotic and type IIA moduli is, in fact, linear and the 
correspondence can be extracted explicitly [40] by a careful analysis of gravitational threshold 
corrections on both sides, yielding S = T (1)/8π , T = T (2) and U = T (3).
To further our check of this realisation of N = 2, we again compute the topological ampli-
tudes Fg of eq. (2.35) at genus one in heterotic perturbation theory:
F() =
∫
F
d2τ
τ 22
Gbos()
¯
∑
H,G=0,1
(H,G)=(0,0)
(
λ=02,2
[H
G
]
¯(0)
[H
G
]+ λ=12,2 [HG ] ¯(1)[HG ]) , (3.17)
where the forms (λ) are given by
(0)
[0
1
]= 12 (ϑ43 + ϑ44 )ϑ83 ϑ84 ,
(0)
[1
0
]= − 12 (ϑ42 + ϑ43 )ϑ82 ϑ83 , (3.18)
(0)
[1
1
]= 12 (ϑ42 − ϑ44 )ϑ82 ϑ84 ,
and
(1)
[0
1
]= ϑ103 ϑ104 ,
(1)
[1
0
]= −ϑ102 ϑ103 , (3.19)
(1)
[1
1
]= −ϑ102 ϑ104 .
The notation λ2,2[HG ] for the T 2 lattice denotes a momentum shift along the first cycle for λ = 0, 
whereas for λ = 1 it stands for a simultaneous momentum and winding shift along the same 
cycle. The contribution involving the λ = 1 lattice decouples in the field theory limit since λ=1
involves states which simultaneously carry non-trivial momentum and winding numbers. Their 
masses are of the form ∼ 1/R2 + R2 and are therefore of the order of the string scale. Conse-
quently, only the λ = 0 sector leads to a non-trivial field theory limit. Repeating the analysis of 
Section 2, one similarly recovers the correct gauge theory partition function (2.44) at the SU(2)
symmetry enhancement point.
4. Type I description of the mass deformation
4.1. An orientifold model
So far, we have presented a heterotic realisation of N = 2 in terms of a freely-acting asym-
metric orbifold in Section 2 and its symmetric generalisations in Section 3, the latter naturally 
admitting dual type II descriptions on K3 fibered Calabi–Yau manifolds. In this section, we dis-
cuss the analogous realisation of N = 2 by performing an orientifold of the type IIB theory on a 
freely acting version of K3 × T 2 implementing the Scherk–Schwarz breaking N = 4 →N = 2.
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nature of the breaking of N = 4 →N = 2 via a Scherk–Schwarz flux, (ii) the gauge group being 
unaffected by the orbifold action, and (iii) rendering adjoint hypermultiplet states massive. To 
this end, the simplest prototype type I vacuum realising N = 2 may be naturally identified with 
a freely acting Z2 orbifold of the standard N = 4 type I theory on T 6 with SO(32) gauge group. 
This model was first constructed in [28] in the context of partial supersymmetry breaking in 
type I theory.
The Z2 orbifold acts as a momentum shift along one of the complexified string coordinates, 
supplemented by a reflection of the remaining two:
Z1 → Z1 + iπ
√
T2
U2
, Z2 → −Z2, Z3 → −Z3, (4.1)
and the torus partition function reads
T = 1
2η12 η¯12
∑
H,G=0,1
1
2
∑
a,b
(−1)a+b+ab ϑ[a
b
]2
ϑ
[a+H
b+G
]
ϑ
[a−H
b−G
]
× 1
2
∑
a¯,b¯
(−1)a¯+b¯+a¯b¯ ϑ¯[a¯
b¯
]2
ϑ¯
[a¯+H
b¯+G
]
ϑ¯
[a¯−H
b¯−G
]
× 2,2
[H
G
]
(T ,U) 4,4
[H
G
]
,
(4.2)
where the (2,2) lattice is shifted, while the (4,4) one is twisted as indicated in (4.1). Clearly, the 
perturbative closed string sector enjoys unbroken N = (2, 2) supersymmetry and, hence, cannot 
give rise to non-abelian gauge symmetry. It is irrelevant for the purposes of this discussion, and 
we henceforth focus entirely on the open string sector. The relevant diagrams here are the annulus 
and the Möbius strip.
Following [28], one may construct a consistent vacuum with N = 32 D9 branes, where the 
Z2 orbifold acts trivially on the Chan–Paton degrees of freedom. The annulus and Möbius strip 
amplitudes in the direct channel read
A= N
2
4η12
∑
G=0,1
1
2
∑
a,b
(−1)a+b+ab ϑ[a
b
]2
ϑ
[ a
b+G
]
ϑ
[ a
b−G
]

(1)
2
[ 0
G
]
4
[ 0
G
]
, (4.3)
M= − N
4 ηˆ12
∑
G=0,1
1
2
∑
a,b
(−1)a+b+ab ϑˆ[a
b
]2
ϑˆ
[ a
b+G
]
ϑˆ
[ a
b−G
]

(1)
2
[ 0
G
]
ˆ4
[ 0
G
]
, (4.4)
with 2 being the shifted T 2 lattice partition function

(1)
2
[ 0
G
]= ∑
m1,m2∈Z
(−1)m1G e−πt |P |2 , (4.5)
defined in terms of the real Schwinger parameter t and the lattice momenta
P = m2 −Um1√
T2U2
. (4.6)
Furthermore, 4 is the twisted T 4 partition function
4
[ 0
G
]=
⎧⎪⎨
⎪⎩

(2)
2
[0
0
]

(3)
2
[0
0
]
, G = 0(
2η3
)2
, G = 1.
(4.7)ϑ2
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(
τ) functions in the annulus and Möbius am-
plitudes above are understood to be τ = it2 and τ = it2 + 12 , respectively, and the hatted characters 
denote the real basis for the Möbius amplitude [35,36]. The Chan–Paton factors N2 and N sim-
ply reflect the fact that each of the string endpoints is attached to one of the N D9’s in the case 
of the annulus, or to the fact that the string is stretched between one of the N D9’s and an O9 
plane, in the case of the Möbius.
To extract the low lying spectrum, it is convenient to decompose the partition functions in 
terms of characters:
A = 1
4η8
N2
∑
m1,m2∈Z
[
(Qo +Qv)(1)m1,m2 (2)2 (3)2
+ (Qo −Qv)
(
2η3
θ2
)2
(−1)m1 (1)m1,m2
]
, (4.8)
M= − 1
4ηˆ8
N
∑
m1,m2∈Z
[
(Qˆo + Qˆv)(1)m1,m2 (2) (3)
+ (Qˆo − Qˆv)
(
2ηˆ3
θˆ2
)2
(−1)m1 (1)m1,m2
]
. (4.9)
We employ here the traditional SO(2n) character notation Qo = V4O4 −S4S4 and Qv = O4V4 −
C4C4, corresponding to the N = 2 vector and hyper multiplets, respectively. Furthermore, we 
have set (1)m1,m2 = e−πt |P |
2
. Finally, for completeness, we also give the Klein bottle amplitude 
contribution
K= 1
4η8
(Qo +Qv)
∑
m1,m2
[
(1)m1,m2 
(m)
4 + (−1)m1 (1)m1,m2 (w)4
]
, (4.10)
even though it is not relevant for the following discussion. Note that (m)4 and 
(w)
4 denote the 
lattice sums over the T 4 momenta and windings, respectively.
It is straightforward to see that the theory has SO(32) gauge symmetry with all hypers trans-
forming in the adjoint representation of SO(32), and carrying non-trivial Scherk–Schwarz mass. 
For lowest lying such states, the mass reads m2 = |U |2/T2U2. Moreover, by Poisson resumming 
the T 2 lattice momenta of (1)2 , it is easy to see that the limit T2 → ∞ in (4.3) and (4.4) projects 
onto the G = 0 sector and, hence, one recovers N = 4 supersymmetry. In fact, the type I vacuum 
discussed above is in several ways similar to the asymmetric orbifold construction of Section 2
and possesses all the properties that one expects from a string theoretic realisation of the N = 2
gauge theory.
Before we discuss the calculation of topological amplitudes in this background, it is necessary 
to consider first a deformation of this theory in which the SO(32) gauge symmetry is broken to 
the Coulomb branch U(1)16 by turning on generic Wilson lines around the T 2. This deformation 
then acts as a natural parameter controlling the enhancement when we consider the topological 
amplitudes. A standard parametrisation of the Wilson line background for each boundary is
U =
16⊕
e2πiW
iσ3, (4.11)i=1
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SO(32) gauge group. Taking into account that, in the transverse channel, the Chan–Paton factors 
for the annulus and Möbius become (TrU)2 and Tr (U2), respectively, one finds in the direct 
channel
A= 1
4η12
∑
G=0,1
1
2
∑
a,b
(−1)a+b+ab ϑ[a
b
]2
ϑ
[ a
b+G
]
ϑ
[ a
b−G
]
˜
(1)
2
[ 0
G
]
4
[ 0
G
]
. (4.12)
For later convenience, the Chan–Paton factors have been entirely absorbed into the modified 
lattice sum
˜
(1)
2
[ 0
G
]= ∑
m1,m2∈Z
16∑
i,j=1
∑
q1,q2=±1
(−1)m1G exp
[
−πt |m2 −Um1 + q1W
i + q2Wj |2
T2U2 − 12W 22
]
.
(4.13)
Similarly, for the Möbius strip one finds
M= − 1
4 ηˆ12
∑
G=0,1
1
2
∑
a,b
(−1)a+b+ab ϑˆ[a
b
]2
ϑˆ
[ a
b+G
]
ϑˆ
[ a
b−G
]
ˇ
(1)
2
[ 0
G
]
ˆ4
[ 0
G
]
, (4.14)
with
ˇ
(1)
2
[ 0
G
]= ∑
m1,m2∈Z
16∑
i=1
∑
q1=±1
(−1)m1G exp
[
−πt |m2 −Um1 + 2q1W
i |2
T2U2 − 12W 22
]
. (4.15)
The spectrum of the theory contains 16 massless vector multiplets, corresponding to the Car-
tan sub-algebra U(1)16. The charged vectors, corresponding to the roots ρ of SO(32) are instead 
massive. For the low lying states without Kaluza–Klein momenta, the mass reads
m2ρ =
|ρ ·W |2
T2U2 − 12W 22
. (4.16)
The hyper multiplets, on the other hand, are massive, as they carry odd momentum number 
m1 ∈ 2Z + 1, and the low lying states have
m2Q =
|U +Q ·W |2
T2U2 − 12W 22
. (4.17)
Here, Qi is the charge vector with respect to the Cartan subalgebra of SO(32) associated 
to the adjoint representation. For simplicity, we consider an SU(2) enhancement point ob-
tained by choosing μ ≡ W1 − W2 → 0. Then, clearly, the charged vectors with Q = Q± ≡
±(1, −1, 0, . . . , 0) become massless and enhance to an SU(2). Similarly, the hyper multi-
plets transforming in the adjoint of SU(2) carry masses given by (4.17) for Q = Q± and 
Q = (0, . . . , 0).
4.2. N = 2 partition function from 4D to 6D
We would like to confirm the result above by calculating the topological amplitude Fg pertur-
batively in this theory. In order to do so, we recall the vertex operator of the graviphoton in the 
orientifold theory:
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[(
∂Z1 + i(p ·)1
)(
∂¯Zμ + i(p · ˜)˜μ
)
− e− 12 (ϕ+ϕ˜)pνSα(σμν)αβS˜β e i2 (1+˜1) AB	A	˜B
]
eip·Z + (left ↔ right).
(4.18)
Here,  and p are the polarisation and momentum vectors of the operator, respectively, satisfying 
 · p = 0, and ϕ is the ghost field. In addition, the tilded fields are the right-moving degrees 
of freedom. Since (4.18) leads solely to deformations of the worldsheet sigma model in the 
space–time directions, the calculation goes along the same lines as in [8,37]. More precisely, the 
path integral over the space–time directions can be obtained through the generating function
Gbos() =
〈
exp
[
ˆ
t
∫
d2σ
(
Z4(∂¯ − ∂)Z5 + Z¯4(∂¯ − ∂)Z¯5
)]〉
, (4.19)
for the bosonic fields and
Gferm() =
〈
exp
[
ˆ
t
∫
d2σ
[
(4 − ˜4)(5 − ˜5)+ (¯4 − ˜¯4)(¯5 − ˜¯5)
]]〉
, (4.20)
for the fermionic ones. Here, we have introduced the notation ˆ = P t/
√
T2U2 −W 22 /2. As 
argued above, we are only interested in the contributions of the annulus and the Möbius strip. To 
this end, the mode expansions for the worldsheet fields are
Zi =
∑
n,m
Zin,m cos(πnσ2)e
2πimσ1, Z¯i =
∑
n,m
Z¯in,m cos(πnσ2)e
2πimσ1, (4.21)
i =
∑
n,m
in,m e
πi(nσ2+2mσ1) , ˜i =
∑
n,m
in,m e
πi(−nσ2+2mσ1), (4.22)
¯i =
∑
n,m
¯in,m e
πi(nσ2+2mσ1) , ˜¯i =
∑
n,m
¯in,m e
πi(−nσ2+2mσ1) (4.23)
for the annulus, whereas for the Möbius strip we use the same expansion with the constraint 
m + n ∈ 2Z and replace t by 2t . As a consequence of the BPS property, after summing over spin 
structures, the fermionic path integral yields a vanishing contribution for G = 0 (as expected 
from an N = 4 sector), whereas for G = 1 the bosonic and fermionic path integrals for both the 
annulus and Möbius worldsheets cancel each other except for the zero modes n = 0 for which 
only the bosonic fields contribute:
GA,M() = π
2ˆ2
sin2(πˆ)
. (4.24)
Notice that, despite the different boundary conditions between the annulus and the Möbius strip, 
both correlators are equal. The reason is that for the n = 0 modes, the fact that m is even for the 
strip is compensated by the doubling of the Teichmüller parameter. Finally, the path integral over 
the internal degrees of freedom is trivial and, hence, the total contribution2 to Fg is
FA+M() = 1
4
∫
dt
t
GA()
(
˜
(1)
2
[0
1
]− ˇ(1)2 [01]) . (4.25)
2 Strictly speaking, the parameter  appearing inside G() is actually dressed with the lattice momenta. Nevertheless, 
in the interest of keeping the equation simple, we display the integral as in (4.25) by a slight abuse of notation.
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1
2
(
˜
(1)
2
[0
1
]− ˇ(1)2 [01])= ∑
m1,m2∈Z
∑
Q∈Adj
(−1)m1 exp
[
−πt |m2 −Um1 +Q ·W |
2
T2U2 − 12W 22
]
,
(4.26)
with the Cartan charges Q being now summed over the adjoint representation of SO(32).
It is now straightforward to extract the field theory limit of the type I amplitude. Indeed, 
around the SU(2) enhancement point, only the nearly massless vectormultiplet states survive 
in the field theory limit, together with the massive adjoint hypermultiplet states. Therefore, we 
recover the same result as in the heterotic and type II models:
1
(2π)2
F()∣∣F.T. = ∑
k=0,±1
[
γh¯(kμ)− γh¯(kμ+mh)
]
, (4.27)
where μ = W1 − W2 and mh = U are the BPS mass parameters associated to the vector- and 
hyper-multiplets, respectively. As anticipated, the amplitude exactly reproduces the -deformed 
partition function of the N = 2 gauge theory [3,31].
It is possible to give a higher dimensional version of the N = 2 partition function. This 
can be viewed as a generalisation of the Nekrasov–Okounkov formula [30], which describes 
the -deformed partition function of a five dimensional N = 2 gauge theory on R4 × S1, by 
further including the mass deformation. To this end, we first consider the large volume limit 
of T 2, in which case the Kaluza–Klein spectrum becomes dense and the sum over momenta has 
to be Poisson resummed in (4.25), while keeping U and W fixed. By explicitly performing the 
Schwinger integral over t , one finds
Fg ∼ (2g − 1)B2g
(2g)!
∑
Q∈Adj
[
E(2 − g,2g − 2;2U,Q ·W)− 1
2
E(2 − g,2g − 2;U,Q ·W)
]
,
(4.28)
where E(s, w; τ, z) is the Kronecker–Eisenstein series of weight w and is defined by
E(s,w; τ, z) =
∑
m,n∈Z
′
(mτ + n)−w τ
s−w2
2
|mτ + n|2s−w e
2πi(nξ−mη), (4.29)
with ξ, η ∈ R and s ∈ C. The Jacobi parameter is identified as z = η + τξ . It should be stressed 
that (4.28) exhibits modular covariance under the Jacobi group with weight 2g−2. It is to be seen 
as a deformation of the partition function (4.27), regarded as a compactification of a 6d theory 
on T 2. Considering a square T 2 with U = iR2/R1 and Re(W) = 0, and Fourier expanding the 
above expression, it is straightforward to obtain
Fg = (2πR2)2g−2 (2g − 1)B2g
(2g)!
∑
Q∈Adj
∑
n∈Z
[
Li3−2g
(
q2nU e
2πiQ·W)
− Li3−2g
(
q2n+1U e
2πiQ·W)]. (4.30)
Indeed, this is the generalisation of the Nekrasov–Okounkov formula [30] as can be seen by 
re-expressing it in the form
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∑
Q∈Adj
∑
n∈Z
[
γg
(
Q · Y + 2n
R1
;β
)
− γg
(
Q · Y + 2n
R1
+mh;β
)]
, (4.31)
where Y is a real Wilson line, β = 2πR2, mh = 1/R1 and the function γg(x; β) was defined in 
Appendix A of [30].
4.3. N = 2 partition function in the full -background
Before ending this discussion, we compute the perturbative partition function of N = 2 with 
the full -deformation. The topological amplitudes (2.35) correspond to the special topological 
limit 1 = −2 of the more general -background that corresponds to the Melvin like fibration of 
R
4 over S1. Namely, one introduces a non-trivial monodromy around the compact cycle which 
rotates R4 by two equivariant parameters 1, 2, or more conveniently for the following, ± ≡
1
2 (1 ± 2). The scattering amplitude of graviphotons (2.35) then corresponds to the special case 
+ = 0, whereas the only non-trivial parameter − is identified with the constant, anti-self-dual 
field strength of the graviphoton.
The physical realisation of the -deformation, involving also the non-trivial deformation 
parameter +, was introduced in [8] and amounts to the additional insertion of self-dual field 
strengths in the vector multiplet associated to the anti-chiral Kähler modulus T¯ of the heterotic 
K3 × T 2 compactification. In the dual type I setup, the relevant vertex operator for the self-dual 
field strength becomes
V¯ (p, ) = μ
[(
∂Z1 + i(p ·)1
)(
∂¯Zμ + i(p · ˜)˜μ
)
+ e− 12 (ϕ+ϕ˜)pνSα˙(σ¯ μν)α˙ β˙ S˜β˙ e
i
2 (1+˜1) A˙B˙	A˙	˜B˙
]
eip·Z + (left ↔ right).
(4.32)
The explicit evaluation of this amplitude has already been performed in detail in [8] for the 
K3 × T 2 type I theory. The difference in the present case for the orientifold model realising 
N = 2 presented in Section 4.1 is that both the Annulus and Möbius diagrams contribute. The 
full ‘refined’ amplitude is no longer BPS, unless one considers a suitable limit in the moduli 
space of the theory, as discussed in [21]. Nevertheless, the amplitude may still be computed 
exactly at one loop to all orders in α′, by a similar analysis as the one presented in [8].
In what follows, we focus only on the field theory limit of the full amplitude, for which only 
the n = 0 piece in the mode expansions of the worldsheet fields is relevant. Summing together 
the Annulus and Möbius contributions in the field theory limit, it is straightforward to find
F(+, −) ∼
∫
dt
t
(2− − 2+)
sin(− − +)t sin(− + +)t
×
∑
G=0,1
Z
[ 0
G
] ∑
mi∈Z
∑
Q∈Adj
(−1)m1Ge−t (m2−Um1+Q·W), (4.33)
where we have separated out the zero mode contribution of the worldsheet bosons, whereas Z
[0
G
]
is the zero mode contribution of the worldsheet fermions after the sum over spin structures, and 
reads [8]
Z
[ 0 ]= −4(sin2(πG) cos2 +t − cos2(πG) sin2 +t) . (4.34)G 2 2
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nising that the orbifold projection simply splits the contribution of vectors and hypers, one finds
1
(2π)212
F(1, 2)
∣∣
F.T. =
∑
k=0,±1
[
γ1,2(kμ)− γ1,2(kμ+mh + +)
]+ (+ → −+),
(4.35)
where, as before μ = W1−W2 and mh = U are the BPS mass parameters associated to the vector-
and hyper-multiplets, respectively, and the function γ1,2 is defined in Appendix A of [30].
5. Conclusions
In this work, we have elucidated a universal structure underlying the string theory realisation 
of the mass deformed N = 2 gauge theory. Indeed, we have shown that freely acting orbifolds 
of N = 4 string compactifications, spontaneously breaking supersymmetry to N = 2, are the 
relevant models uplifting the N = 2 gauge theory to string theory. As we have argued, the low-
lying states of these models precisely match those of the mass deformed gauge theory with the 
adjoint mass arising from the Scherk–Schwarz deformation of the string theory. The non-abelian 
group of the gauge theory, possibly including exceptional groups, can be recovered at points of 
enhanced symmetry in the string moduli space. These properties were explicitly demonstrated 
in various explicit models, with symmetric and asymmetric orbifold actions, in type I, II and 
heterotic string theories, therefore supporting our proposal.
Furthermore, we have performed a non-trivial test of the correspondence by calculating topo-
logical amplitudes in the aforementioned string backgrounds. More precisely, the graviphoton 
amplitude Fg is known to reduce, in the field theory limit, to the pure gauge theory partition 
function in the standard N = 2 case. Here, we have extended this property by proving, pertur-
batively, that the point particle limit of the graviphoton amplitude leads, in our general class of 
models, to the mass-deformed partition function of the supersymmetric gauge theory.
One may wonder about the fate of our correspondence at the full non-perturbative level. This 
is best seen from the type I or type II point of view by studying instanton corrections to the 
models under consideration. In addition, since in the pure N = 2 case Fg is the topological 
string partition function, it would be interesting to understand the implications of this unveiled 
universality for the topological string.
Finally, it would be interesting to connect our approach to the geometric one of [41], but also 
the M-theory description on a toric Calabi–Yau manifold [42,43] in which the configuration of 
M2-branes suspended between M5-branes leads to a mass-deformed gauge theory in the IR.
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